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DIFFEOMORPHISMS OF 7-MANIFOLDS WITH CLOSED
G2-STRUCTURE
HYUNJOO CHO, SEMA SALUR, AND A. J. TODD
Abstract. We introduce G2-vector fields, Rochesterian 1-forms and Roches-
terian vector fields on manifolds with a closed G2-structure as analogues of
symplectic vector fields, Hamiltonian functions and Hamiltonian vector fields
respectively, and we show that the spaces XG2 of G2-vector fields and XRoc
of Rochesterian vector fields are Lie subalgebras of the Lie algebra of vec-
tor fields with the standard Lie bracket. We also define, in analogy with the
Poisson bracket on smooth real-valued functions from symplectic geometry, a
bracket operation on the space of Rochesterian 1-forms Ω1
Roc
associated to the
space of Rochesterian vector fields and prove, despite the lack of a Jacobi iden-
tity, a relationship between this bracket and diffeomorphisms which preserve
G2-structures.
Introduction
The possible holonomy groups for a given 7-dimensional Riemannian manifold
include the exceptional Lie group G2 by Berger’s classification of Riemannian ho-
lonomy groups. Such manifolds are called G2-manifolds and are equipped with a
nondegenerate differential 3-form ϕ which is torsion-free, ∇ϕ = 0, with respect to
the Levi-Civita connection of the metric gϕ defined by ϕ. This torsion-free con-
dition is equivalent to ϕ being closed and coclosed, see [24] or [30]. Much work
has been done to study manifolds with G2-holonomy, e. g., [7], [10] and [24], but
the condition ϕ be coclosed, d∗ϕ = 0, is a nonlinear condition since d∗ depends on
the Hodge star given by the metric gϕ above. If we drop this coclosed condition,
then we have a manifold with a closed G2-structure. Manifolds with closed G2-
structures have been studied in many articles including [8], [9] and [16]; however,
these papers however focused predominantly on the G2 metric itself defined by the
nondegenerate closed 3-form ϕ. We shift our focus to the form ϕ and to results
which depend on ϕ being nondegenerate and closed; this article is a continuation
of a project which began with [2] to better understand G2-geometry by using the
well-established areas of symplectic and contact geometry.
Treating symplectic geometry and G2 geometry as analogues is not new. [6] and
[21] study vector cross products on linear spaces and on manifolds; further, one can
construct, using a metric, a nondegenerate differential form of degree k+1 associated
to a k-fold vector cross product. In particular, it is shown that associated to a 1-fold
vector cross product, i. e., an almost complex structure, there is a nondegenerate
2-form, which, when this form is closed, yields a symplectic form; in an analogous
way, we can view G2 geometry as the geometry of 2-fold vector cross products in
dimension 7 (2-fold vector cross products only exist in dimensions 3 and 7 as is
shown in the above mentioned articles). In particular, we get the fundamental G2
3-forms ϕ associated to these 2-fold vector cross products in dimension 7. Examples
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of manifolds with G2-structures satisfying various conditions (including closed G2-
structures) are studied, for example, in [11], [17], [18] and [20], and classified in [19].
Links between Calabi-Yau geometry and G2 geometry in the context of mirror
symmetry have been actively explored by many mathematicians and theoretical
physicists over the course of many articles including, for example, works by Atiyah-
Witten [3], Akbulut-Salur [1], Gukov-Yau-Zaslow [22], Lee-Leung [26] and Leung
[27].
From a different perspective, there is multisymplectic geometry. This has been,
and continues to be, a very active area of research. Multisymplectic geometry is the
study of a smooth manifold of arbitrary dimension equipped with a nondegenerate
closed (n + 1) form. This field grew from the fact that many results in symplec-
tic geometry depend only on the fact that the symplectic form is nondegenerate
and closed. Background references for this area include, e. g., [14], [13]. Further,
multisymplectic geometry provides a natural setting for many questions in classi-
cal Hamiltonian mechanics, e. g., [12], [29] as well as questions regarding string
theory [4], [5]. Our work in this article then can been viewed as a specific case of
multisymplectic geometry where we are considering a nondegenerate closed 3-form
on a 7-dimensional manifold, and there is much to be gained by looking at this
specific case as is hinted at in the current paper (see, e. g., Theorem 3.2); more-
over, these ideas have already led to several results not obtainable in the general
multisymplectic setting and form the basis for a number of upcoming articles in G2
and Spin(7) geometry. Indeed, multisymplectic geometry is difficult because the
assumptions are so general; on the other hand, the geometric structures associated
with the exceptional Lie group G2 are completely dependent on one another (see
Section 2) and so provide a rich setting for inquiry. Further, because of the large
interest in M-theory, there is a need for results specifically related to G2 geometry.
This paper consists of three sections: the first section is a review of ideas from
symplectic geometry. We discuss symplectic and Hamiltonian vector fields and show
that symplectic vector fields, Hamiltonian vector fields and smooth real-valued
functions on M all admit the structure of Lie algebras with Lie bracket on the
symplectic and Hamiltonian vector fields induced from the Lie bracket structure on
the space of all vector fields and the Lie bracket on smooth real-valued functions on
M given by a Poisson bracket; further, there is a Lie algebra anti-homomorphism
between the Lie algebra of smooth real-valued functions on M and the Lie algebra
of the Hamiltonian vector fields.
We give a brief introduction to G2 geometry in the second section and prove the
following standard result regarding diffeomorphisms which preserve G2 structures
which has not previously appeared in the literature:
Theorem. Let (M1, ϕ1) and (M2, ϕ2) be two manifolds with G2-structures ϕ1, ϕ2
respectively. Let πi : M1 ×M2 →Mi be the standard projection map, and define a
3-form on the product manifold M1 ×M2 by ϕ˜ := π∗1ϕ1 − π
∗
2ϕ2. A diffeomorphism
Υ : (M1, ϕ1) → (M2, ϕ2) is a G2-morphism if and only if ϕ˜|ΓΥ ≡ 0, where ΓΥ :=
{(p,Υ(p)) ∈M1 ×M2 : p ∈M1} is the graph of Υ in M1 ×M2.
In the third section, we define the analogues of Hamiltonian functions, Hamil-
tonian vector fields and symplectic vector fields given by Rochesterian 1-forms,
Rochesterian vector fields and G2-vector fields respectively then prove the follow-
ing results for Rochesterian vector fields:
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Theorem. There are no nontrivial Rochesterian vector fields on a closed manifold
M with closed G2-structure ϕ.
Theorem. Every Rochesterian vector field on a manifoldM with closed G2-structure
ϕ is a G2-vector field. If every closed form in Ω
2
7(M) is exact, then the spaces
XRoc(M) and XG2(M) coincide.
Corollary. If H2(M) = {0}, then every G2-vector field on a manifold with closed
G2-structure is a Rochesterian vector field.
We next show that the spaces of G2- and Rochesterian vector fields admit the
structure of Lie algebras with Lie bracket induced from the standard Lie bracket
structure on the space of all vector fields and prove the following result on inclusions:
Proposition. For any G2-vector fields X1, X2, [X1, X2] is a Rochesterian vector
field with associated Rochesterian 1-form given by ϕ(X2, X1, ·).
Finally, we equip the space of Rochesterian 1-forms with a bracket structure
analogous to that of the Poisson bracket from symplectic geometry, show that it
does not satisfy the Jacobi identity, show that there is a linear transformation Φ of
the vector spaces of Rochesterian 1-forms and Rochesterian vector fields and prove
the following result regarding these structures:
Theorem. (1) Given two Rochesterian 1-forms α1, α2 ∈ Ω1Roc(M), {α1, α2} ∈
kerΦ if and only if dα1 is constant along the flow lines of Xα2 if and only
if dα2 is constant along the flow lines of Xα1 .
(2) Let ψ : (M,ϕ)→ (M ′, ϕ′) be a diffeomorphism. Then ψ is a G2-morphism
if and only if ψ∗({α, β}) = {ψ∗α, ψ∗β} for all α, β ∈ Ω1Roc(M
′).
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1. Symplectic Vector Fields and Hamiltonian Vector Fields
The material in this section comes from [28] and [31]. Let (M,ω) be an arbitrary
2n-dimensional manifold with a closed, nondegenerate 2-form ω.
Definition 1.1. (1) A vector field X is called a symplectic vector field if the
flow induced by X preserves the symplectic form ω, that is, X is a sym-
plectic vector field if and only if LXω = 0.
(2) A vector field X is called a Hamiltonian vector field if there exists a smooth
real-valued function H on M such that Xyω = dH .
Notice that since ω is closed, we have, by the Cartan Formula, LXω = d(Xyω)+
Xydω = d(Xyω) for any vector field X , so X is symplectic if and only if the 1-
form Xyω is closed. Hamiltonian vector fields always exist since ω induces an
isomorphism of smooth sections of the tangent bundle with smooth sections of the
cotangent bundle: Given any smooth function H , dH is a covector field, so there
exists a unique vector field XH such that XHyω = dH . An immediate consequence
of these definitions is that a Hamiltonian vector field X is always symplectic for if
Xyω = dH for some smooth real-valued function H , then d(Xyω) = d(dH) = 0.
The converse is not true in general; in fact, the obstruction for a symplectic vector
fieldX on (M,ω) to be Hamiltonian isH1(M). Indeed, ifH1(M) = {0}, i. e., every
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closed 1-form is exact, then for a symplectic vector field X , there exists a smooth
real-valued function H on M such that Xyω = dH , that is, X is a Hamiltonian
vector field.
Let X (M) denote the space of vector fields on M , X symp(M) the subspace of
symplectic vector fields on M and XHam(M) the subspace of Hamiltonian vector
fields on M , and equip X (M) with the standard Lie bracket [X,Y ] = XY − Y X .
Then:
Proposition 1.2. If X1, X2 are symplectic vector fields, then the Lie bracket
[X1, X2] is a Hamiltonian vector field.
Proof. Recall that for an arbitrary differential form τ we have [X,Y ]yτ = LX(Y yτ)−
Y y(LXτ), so
[X1, X2]yω = LX1(X2yω)−X2y(LX1ω︸ ︷︷ ︸
=0
)
= LX1(X2yω) = d(X1yX2yω) +X1y(d(X2yω)︸ ︷︷ ︸
=0
)
= d(ω(X2, X1))
Hence [X1, X2] is a Hamiltonian vector field with generating Hamiltonian function
ω(X2, X1). 
Corollary 1.3. The subspaces X symp(M) and XHam(M) of X (M) are closed un-
der the Lie bracket operation inherited from X (M); hence, there are the following
inclusions of Lie algebras:
(XHam(M), [·, ·]) ⊆ (X symp(M), [·, ·]) ⊆ (X (M), [·, ·]).
We now focus on the real-valued smooth functions on M , C∞(M). For f ∈
C∞(M), the assignment f 7→ Xf where Xf is the associated Hamiltonian vector
field is linear. Given f, g ∈ C∞(M), then
(Xf +Xg)yω = (Xfyω) + (Xgyω) = df + dg = d(f + g) = Xf+gyω,
so that by nondegeneracy of ω, we have Xf+g = Xf +Xg. Similarly, Xaf = aXf .
We now equip C∞(M) with a bracket operation as follows: For f, g ∈ C∞(M),
define {f, g} = ω(Xf , Xg) ∈ C∞(M). Consider the Hamiltonian vector field X{f,g}:
X{f,g}yω = Xω(Xf ,Xg)yω = ([Xg, Xf ])yω,
so that X{f,g} = −[Xf , Xg].
Proposition 1.4. The bracket {·, ·} on C∞(M) satisfies the Jacobi identity.
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Proof. Let f, g, h ∈ C∞(M) with associated Hamiltonian vector fields Xf , Xg and
Xh respectively. Then we have the following:
{f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = {f, {g, h}} − {g, {f, h}} − {{f, g}, h}
= XfyX{g,h}yω −XgyX{f,h} −X{f,g}yXhyω
= Xfyd{g, h} −Xgyd{f, h}+ [Xf , Xg]ydh
= Xfyd(XhyXgyω)−Xgyd(XhyXfyω) + [Xf , Xg]ydh
= −Xfyd(XgyXhyω) +Xgyd(XfyXhyω) + [Xf , Xg]ydh
= −Xfyd(Xgydh) +Xgyd(Xfydh) + [Xf , Xg]ydh
= −Xfyd(Xgydh) +Xgyd(Xfydh) + LXf (Xgydh)−Xgy(LXfdh)
= −Xfyd(Xgydh) +Xgyd(Xfydh) +Xfyd(Xgydh) + d(XfyXgydh)︸ ︷︷ ︸
=0
−Xgy(Xfyddh)︸ ︷︷ ︸
=0
−Xgyd(Xfydh)
= Xfyd(Xgydh)−Xfyd(Xgydh) +Xgyd(Xfydh)−Xgyd(Xfydh) = 0

Hence, (C∞(M), {·, ·}) is a Lie algebra, and there is a Lie algebra anti-homomorphism
Ψ : (C∞(M), {·, ·}) → (XHam, [·, ·]) given by f 7→ Xf . Assume that Ψ(f) =
Xf = 0, then 0 = Xfyω = df implies that f is locally constant (or constant if
M is connected); therefore, kerΨ = {(locally) constant functions on M}, so every
Hamiltonian vector field is defined by a smooth real-valued function on M which
is unique up to the addition of a locally constant smooth function.
Theorem 1.5. (1) For f, g ∈ C∞(M), {f, g} = 0 if and only if f is constant
along the integral curves determined by Xg if and only if g is constant along
the integral curves determined by Xf .
(2) Let ψ : (M,ω) → (M ′, ω′) be a diffeomorphism. Then ψ is a symplecto-
morphism if and only if {f, g} ◦ ψ = {f ◦ ψ, g ◦ ψ} for all f, g ∈ C∞(M ′).
Proof. (1) We show only the first equivalence since the second equivalence fol-
lows similarly. Let ψt denote the integral curves generated by Xg. The
result then follows immediately from the following calculation.
d
dt
(f ◦ ψt) = ψ
∗
tLXgf = ψ
∗
t (Xgydf)
= ψ∗t (XgyXfyω) = ψ
∗
t ω(Xf , Xg) = ψ
∗
t {f, g}
(2) Assume first that ψ is a symplectomorphism. Note that for p ∈M , we have
the maps
dψp : TpM → Tψ(p)M
′
ψ∗p : T
∗
ψ(p)M
′ → T ∗pM
dψ−1
ψ(p) = (dψp)
−1 : Tψ(p)M
′ → TpM
Since ψ∗ω′ = ω and (ψ−1)∗ω = ω′, we have the following equivalent equa-
tions:
ωp(·, ·) = ψ
∗
p(ω
′
ψ(p))(·, ·) = ω
′
ψ(p)(dψp·, dψp·)
ω′ψ(p)(·, ·) = (ψ
−1
ψ(p))
∗(ωp)(·, ·) = ωp(dψ
−1
ψ(p)·, dψ
−1
ψ(p)·)
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For a function f ∈ C∞(M ′) and vector field Y ∈ X (M), we now calculate
(Xf◦ψyω)p(Yp) = d(f ◦ ψ)p(Yp) = dfψ(p)(dψpYp) = ψ
∗
p(dfψ(p))(Yp)
= ψ∗p((Xfyω
′)ψ(p))(Yp) = ψ
∗
p(ω
′
ψ(p)((Xf )ψ(p), ·))(Yp)
= ω′ψ(p)((Xf )ψ(p), dψpYp)
= ωp(dψ
−1
ψ(p)(Xf )ψ(p), dψ
−1
ψ(p)(dψpYp))
= ωp((dψ
−1)ψ(p)(Xf )ψ(p), Yp)
that is, (Xf◦ψ)p = (dψ
−1)ψ(p)(Xf )ψ(p). Hence we find that
({f, g} ◦ ψ)(p) = ω′(Xf , Xg)(ψ(p))
= ω′ψ(p)((Xf )ψ(p), (Xg)ψ(p))
= ωp(dψ
−1
ψ(p)(Xf )ψ(p), dψ
−1
ψ(p)(Xg)ψ(p))
= ωp((Xf◦ψ)p, (Xg◦ψ)p)
= ω(Xf◦ψ, Xg◦ψ)(p) = {f ◦ ψ, g ◦ ψ}(p)
Conversely, assume that {f, g} ◦ ψ = {f ◦ ψ, g ◦ ψ} for all f, g ∈ C∞(M ′).
Then, for any f, g ∈ C∞(M ′) we have
{f, g} ◦ ψ = ω′(Xf , Xg) ◦ ψ = (XgyXfyω
′) ◦ ψ = (Xgydf) ◦ ψ
= (df(Xg)) ◦ ψ = ψ
∗(df(Xg)) = ψ
∗(Xgf) = (dψ
−1Xg)(f ◦ ψ)
and
{f ◦ ψ, g ◦ ψ} = ω(Xf◦ψ, Xg◦ψ) = Xg◦ψyd(f ◦ ψ)
= d(f ◦ ψ)(Xg◦ψ) = Xg◦ψ(f ◦ ψ)
which, by our hypothesis, yields that dψ−1Xg = Xg◦ψ for any g ∈ C∞(M ′).
Then for any f ∈ C∞(M ′) and any vector field Y ∈ X (M),
(Xf◦ψyω)p(Yp) = d(f ◦ ψ)p(Yp) = d(ψ
∗f)p(Yp) = (ψ
∗df)p(Yp)
= ψ∗p(Xfyω
′)p(Yp) = ω
′
ψ(p)((Xf )ψ(p), dψpYp)
= ω′ψ(p)(dψp(dψ
−1
ψ(p)(Xf )ψ(p)), dψpYp)
= (ψ∗ω′)ψ(p)(dψ
−1
ψ(p)(Xf )ψ(p), Yp)
= (ψ∗ω′)ψ(p)((Xf◦ψ)p, Yp)
Thus Xf◦ψyω = Xf◦ψyψ
∗ω′ which implies that ω = ψ∗ω′ as desired.

2. G2 Geometry
If we consider coordinates (x1, . . . , x7) on R
7, we can define a 3-form ϕ0 by
ϕ0 = dx
123 + dx145 + dx167 + dx246 − dx257 − dx347 − dx356.
From this 3-form, we get an induced metric and orientation by the formula
(Xyϕ0) ∧ (Y yϕ0) ∧ ϕ0 = 6 < X, Y >ϕ0 dvolϕ0
for vector fields X,Y ∈ X (R7). Then, using this metric, we can define a 2-fold
vector cross product of X and Y as the unique vector field X × Y satisfying <
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X×Y, Z >ϕ0= ϕ0(X,Y, Z) for all Z ∈ X (R
7). This metric then gives the associated
Hodge star from which we get the dual of ϕ0 given by the 4-form
⋆ϕ0 = dx
4567 + dx2367 + dx2345 + dx1357 − dx1346 − dx1256 − dx1247.
Here, we have started with the 3-form and have shown how to define the other
structures in terms of it; a fundamental fact of G2-geometry however is that given
any one of ϕ0, ⋆ϕ0, × or <,>, we can always define the other structures. References
for this information and an equivalent formulation of these structures arising from
the octonions include [6, 7, 19, 21, 23, 24, 25].
Definition 2.1. A manifold M is said to have a G2-structure if there is a 3-form
ϕ such that (TpM,ϕ) ∼= (R
7, ϕ0) as vector spaces for every point p ∈ M . This is
equivalent to a reduction of the tangent frame bundle from GL(7,R) to the Lie
group G2. If dϕ = 0, then the G2-structure is said to be closed.
Remark. Because of the inclusion G2 in SO(7), all manifolds with G2-structure
are necessarily orientable; in addition, it can be shown that all manifolds with G2-
structure are spin, and any 7-manifold with spin structure admits a G2-structure.
A natural geometric requirement is that ϕ be constant with respect to the Levi-
Civita connection of the G2-metric gϕ defined by ϕ. In this case, the holonomy of
(M,ϕ) is a subgroup of G2, and (M,ϕ) is called a G2-manifold. The condition that
∇ϕ = 0 is equivalent to dϕ = 0 and d∗ϕ = 0 where d∗ is the adjoint operator to
the exterior derivative with respect to the Hodge star associated to the G2-metric
gϕ. Fernandez and Gray [19] show that manifolds with closed G2-structure and
G2-manifolds are just 2 of 16 types of G2-structures on manifolds.
Definition 2.2. Let (M1, ϕ1) and (M2, ϕ2) be 7-manifolds with G2-structures. If
Υ : M1 → M2 is a diffeomorphism such that Υ∗(ϕ2) = ϕ1, then Υ is called a
G2-morphism and (M1, ϕ1), (M2, ϕ2) are said to be G2-morphic.
Notice that given a G2-morphism Υ : (M1, ϕ1) → (M2, ϕ2), dϕ1 = 0 if and only if
dϕ2 = 0 since d commutes with pullback maps.
Let (M1, ϕ1) and (M2, ϕ2) be two 7-dimensional manifolds with G2-structures.
Let M1 × M2 be the standard Cartesian product of M1 and M2 with canonical
projection maps πi : M1 × M2 → Mi. Define a 3-form ϕ = π
∗
1ϕ1 + π
∗
2ϕ2. If
both ϕ1 and ϕ2 are closed, then this form is also closed; in fact, for any a1, a2 ∈ R,
a1π
∗
1ϕ1+a2π
∗
2ϕ2 defines a (closed) 3-form onM1×M2. Taking a1 = 1 and a2 = −1,
we have the (closed) 3-form ϕ˜ = π∗1ϕ1 − π
∗
2ϕ2.
Theorem 2.3. A diffeomorphism Υ : (M1, ϕ1) → (M2, ϕ2) is a G2-morphism if
and only if ϕ˜|ΓΥ ≡ 0, where ΓΥ := {(p,Υ(p)) ∈M1 ×M2 : p ∈M1}.
Proof. The submanifold ΓΥ is the embedded image of M1 in M1 ×M2 with em-
bedding given by Υ˜ :M1 →M1×M2 Υ˜(p) = (p,Υ(p)). Then ϕ˜|ΓΥ = 0 if and only
if
0 = Υ˜∗ϕ˜ = Υ˜∗π∗1ϕ1 − Υ˜
∗π∗2ϕ2
= (π1 ◦ Υ˜)
∗ϕ1 − (π2 ◦ Υ˜)
∗ϕ2 = (idM1)
∗ϕ1 −Υ
∗ϕ2 = ϕ1 −Υ
∗ϕ2.

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3. G2 Vector Fields, Rochesterian 1-Forms and Rochesterian Vector
Fields
Let M be a 7-manifold with a G2-structure. Recall that there is an action of
the Lie group G2 on the algebra of differential forms on M from which we obtain
decompositions of each space of k-forms on M into irreducible G2-representations.
In particular, we can decompose the space of 2-forms into the direct sum of a
seven-dimensional representation and a fourteen-dimensional representation, de-
noted from here on by Ω27 and Ω
2
14 respectively; it is well known that Ω
2
7 = {Xyϕ :
X ∈ X (M)} where X (M) is the space of vector fields on M (see for example
[19, 24, 25, 30]).
Definition 3.1. Let (M,ϕ) be a manifold with closed G2-structure.
(1) We define a Rochesterian 1-form α to be any 1-form on M such that dα ∈
Ω27(M). We denote the set of Rochesterian 1-forms on M by Ω
1
Roc(M).
(2) For a Rochesterian 1-form α, the vector field Xα satisfying Xαyϕ = dα will
be called a Rochesterian vector field, and the set of Rochesterian vector
fields on M will be denoted by XRoc(M).
(3) A vector fieldX is called aG2-vector field if the flow induced byX preserves
the G2-structure; equivalently, X is a G2-vector field if LXϕ = 0. XG2(M)
will denote the set of all G2-vector fields.
That XG2 , Ω
1
Roc and XRoc are vector spaces follows immediately from the linear-
ity properties of d and the interior product. Now, as in the symplectic case, we have
the useful fact that X is a G2-vector field if and only if d(Xyϕ) = 0 since dϕ = 0
implies that LXϕ = d(Xyϕ)+Xydϕ = d(Xyϕ). In contrast to the symplectic case,
the map ϕ˜ : X (M) → Ω2(M) given by ϕ˜(X) = Xyϕ cannot be an isomorphism;
however, by the nondegeneracy condition on the 3-form ϕ, we do have that ϕ˜ is
injective, so for a given Rochesterian 1-form α, the associated Rochesterian vector
field Xα is unique. Indeed, the existence of nontrivial Rochesterian vector fields,
and hence Rochesterian 1-forms, is quite a bit more delicate than that of Hamil-
tonian vector fields as is seen as a consequence of the following theorem (see [2,
Theorem 2.4] for the original form of the statement and proof of this theorem):
Theorem 3.2. Let M be a closed manifold, and let ϕ be a closed G2-structure on
M . Then Xyϕ is exact if and only if X is the zero vector field; therefore, there
are no nontrivial Rochesterian vector fields on a closed manifold M with closed
G2-structure ϕ.
Proof. If X is the zero vector field, then Xyϕ = 0 at every point; in this case, we
can take Xyϕ = df where f : M → R is the constant function f(p) = 0 for all
p ∈ M . Conversely, assume that X is an arbitrary vector field such that Xyϕ is
exact. Then there exists some 1-form α such that Xyϕ = dα. Using the G2-metric
defined by ϕ, we have that
6〈X,X〉dvolM = (Xyϕ) ∧ (Xyϕ) ∧ ϕ
= dα ∧ dα ∧ ϕ = d(α ∧ dα ∧ ϕ)
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From here, we find that, since ∂M = ∅, an application of Stokes’ Theorem yields
0 ≤ 6||X ||2L2vol(M) =
∫
M
6〈X,X〉dvolM
=
∫
M
d(α ∧ dα ∧ ϕ) =
∫
∂M
α ∧ dα ∧ ϕ = 0
Since vol(M) 6= 0, we must have that ||X ||L2 = 0 proving thatX = 0 as desired. 
Remark. As pointed out by an anonymous referee, there is another instance of
nonexistence, this time, for G2 vector fields. Specifically, in the case of a compact
torsion-free G2-structure, i. e., a G2-manifold, G2 vector fields, being by definition
Killing vector fields, will be parallel since G2-manifolds are Ricci flat. In the case of
a nontrivial G2 vector field, there would necessarily be a reduction in the holonomy
to a proper subgroup of G2. Thus there are no nontrivial G2 vector fields on a
compact irreducible G2-manifold.
Hence, we assume from now on that M is either noncompact or that M is
compact with nonempty boundary; if M happens to be a compact G2-manifold
with nonempty boundary, we will further assume that M is reducible. As for
specific examples of Rochesterian vector fields, we first have the trivial G2-manifold
(R7, ϕ0) where simple calculations show that every coordinate vector field is a
Rochesterian vector field. For a second, nontrivial example, we first recall from
[15] that if X is a 3-dimensional manifold, then (T ∗X × R, ϕ = ReΩ + ω ∧ dt) is
a 7-manifold with closed G2-structure where Ω is a certain complex 3-form and ω
is the tautological 2-form on T ∗X ; then the vector field ∂
∂t
is Rochesterian with an
associated Rochesterian 1-form given by the tautological 1-form α on T ∗X (see [15]
for more information on this construction).
Theorem 3.3. Every Rochesterian vector field on a manifold M with closed G2-
structure ϕ is a G2-vector field. If every closed form in Ω
2
7(M) is exact, then the
spaces XRoc(M) and XG2(M) coincide.
Proof. The first statement follows immediately from the definitions. Next, for a
G2-vector field X , Xyϕ ∈ Ω27(M) is closed, so, by assumption, there exists a 1-form
α with Xyϕ = dα. 
Corollary 3.4. If H2(M) = {0}, then every G2-vector field on a manifold with
closed G2-structure is a Rochesterian vector field.
Proposition 3.5. For any G2-vector fields X1, X2, there exists a 1-form α such
that [X1, X2]yϕ = dα.
Proof.
[X1, X2]yϕ = LX1(X2yϕ)−X2y(LX1ϕ︸ ︷︷ ︸
=0
)
= LX1(X2yϕ) = d(X1yX2yϕ) +X1y(d(X2yϕ)︸ ︷︷ ︸
=0
)
= d(ϕ(X2, X1, ·))
Thus, [X1, X2] is a Rochesterian vector field with an associated 1-form given by
ϕ(X2, X1, ·). 
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Thus, we have the following inclusions of Lie algebras :
(XRoc(M), [·, ·]) ⊆ (XG2(M), [·, ·]) ⊆ (X (M), [·, ·]).
For a Rochesterian 1-form α, the assignment α 7→ Xα where Xα is the unique
associated Rochesterian vector field is linear. We now equip Ω1Roc(M) with a bracket
as follows: for α, β ∈ Ω1Roc(M), define {α, β} = ϕ(Xα, Xβ, ·). Then {α, β} ∈
Ω1Roc(M) with Rochesterian vector field given by [Xβ , Xα] since
d({α, β}) = d(ϕ(Xα, Xβ, ·)) = [Xβ, Xα]yϕ.
Remark. This bracket is a specific case of the semibracket defined in [4] for the
general multisymplectic setting, and a proof of the following result in this more
general setting can be found in [4, Proposition 3.7].
Proposition 3.6. For any α, β, γ ∈ Ω1Roc(M),
{α, {β, γ}}+ {β, {γ, α}}+ {γ, {α, β}} = d(XαyXβydγ)
Proof. Let α, β, γ ∈ Ω1Roc(M) with associated Rochesterian vector fields Xα, Xβ
and Xγ respectively. Then we have the following:
{α, {β, γ}}+ {β, {γ, α}}+ {γ, {α, β}} = {α, {β, γ}} − {β, {α, γ}} − {{α, β}, γ}
= XαyX{β,γ}yϕ−XβyX{α,γ}yϕ−X{α,β}yXγyϕ
= Xαyd{β, γ} −Xβyd{α, γ}+ [Xα, Xβ ]ydγ
= Xαyd(XγyXβyϕ)−Xβyd(XγyXαyϕ) + [Xα, Xβ ]ydγ
= −Xαyd(XβyXγyϕ) +Xβyd(XαyXγyϕ) + [Xα, Xβ ]ydγ
= −Xαyd(Xβydγ) +Xβyd(Xαydγ) + [Xα, Xβ ]ydγ
= −Xαyd(Xβydγ) +Xβyd(Xαydγ) + LXα(Xβydγ)−Xβy(LXαdγ)
= −Xαyd(Xβydγ) +Xβyd(Xαydγ) +Xαyd(Xβydγ)
+ d(XαyXβydγ)−Xβy(Xαyddγ)︸ ︷︷ ︸
=0
−Xβyd(Xαydγ)
= Xαyd(Xβydγ)−Xαyd(Xβydγ) +Xβyd(Xαydγ)−Xβyd(Xαydγ) + d(XαyXβydγ)
= d(XαyXβydγ)

While we do not have a Lie algebra structure on Ω1Roc(M), we do, as noted
above, still have a linear transformation Φ : Ω1Roc(M) → XRoc(M). Assume that
Φ(α) = Xα = 0, then 0 = Xαyϕ = dα which implies that α is a closed 1-form.
Hence, Rochesterian vector fields are uniquely defined by their Rochesterian 1-
forms, up to the addition of a closed 1-form.
Theorem 3.7. (1) Given two Rochesterian 1-forms α1, α2 ∈ Ω1Roc(M), {α1, α2} ∈
kerΦ if and only if dα1 is constant along the flow lines of Xα2 if and only
if dα2 is constant along the flow lines of Xα1 .
(2) Let ψ : (M,ϕ)→ (M ′, ϕ′) be a diffeomorphism. Then ψ is a G2-morphism
if and only if ψ∗({α, β}) = {ψ∗α, ψ∗β} for all α, β ∈ Ω1Roc(M
′).
Proof. (1) Again, we show only the first equivalence since the second equiva-
lence follows similarly. From the definition of the bracket, we have
{α1, α2} = ϕ(Xα1 , Xα2 , ·) = Xα2y(Xα1yϕ)
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= Xα2ydα1 = LXα2α1 − d(Xα2yα1).
From this, we see that d{α1, α2} = dLXα2α1 = LXα2 (dα1). Then {α1, α2} ∈
kerΦ if and only if LXα2 (dα1) = 0.
(2) First, assume that ψ is a G2-morphism, and note that for p ∈M , we have
the maps
dψp : TpM → Tψ(p)M
′
ψ∗p : T
∗
ψ(p)M
′ → T ∗pM
dψ−1
ψ(p) = (dψp)
−1 : Tψ(p)M
′ → TpM
Since ψ is a G2-morphism, ψ
∗ϕ′ = ϕ and (ψ−1)∗ϕ = ϕ′, so by definition,
for p ∈M , we then get the following equivalent equations
ϕp(·, ·, ·) = ψ
∗
p(ϕ
′
ψ(p))(·, ·, ·) = ϕ
′
ψ(p)(dψp·, dψp·, dψp·)
ϕ′ψ(p)(·, ·, ·) = (ψ
−1
ψ(p))
∗(ϕp)(·, ·, ·) = ϕp(dψ
−1
ψ(p)·, dψ
−1
ψ(p)·, dψ
−1
ψ(p)·)
Thus, we calculate for a Rochesterian 1-form α ∈ Ω1Roc(M
′) and vector
fields Y, Z on M ,
(Xψ∗αyϕ)p(Yp, Zp) = d(ψ
∗α)p(Yp, Zp)
= ψ∗p(dαψ(p))(Yp, Zp)
= ψ∗p((Xαyϕ
′)ψ(p))(Yp, Zp)
= ψ∗p(ϕ
′
ψ(p)((Xα)ψ(p), ·, ·))(Yp, Zp)
= ϕ′ψ(p)((Xα)ψ(p), dψpYp, dψpZp)
= ϕp(dψ
−1
ψ(p)(Xα)ψ(p), dψ
−1
ψ(p)(dψpYp), dψ
−1
ψ(p)(dψpZp))
= ϕp(dψ
−1
ψ(p)(Xα)ψ(p), Yp, Zp)
that is, (Xψ∗α)p = dψ
−1
ψ(p)(Xα)ψ(p). Hence we find that
(ψ∗{α, β})p(Yp) = (ψ
∗(ϕ′(Xα, Xβ , ·)))p(Yp)
= ψ∗p(ϕ
′
ψ(p)((Xα)ψ(p), (Xβ)ψ(p), ·))(Yp)
= ϕ′ψ(p)((Xα)ψ(p), (Xβ)ψ(p), dψpYp)
= ϕp(dψ
−1
ψ(p)(Xα)ψ(p), dψ
−1
ψ(p)(Xβ)ψ(p), dψ
−1
ψ(p)(dψpYp))
= ϕp((Xψ∗α)p, (Xψ∗β)p, Yp)
= ϕp((Xψ∗α)p, (Xψ∗β)p, ·)(Yp) = {ψ
∗α, ψ∗β}p(Yp)
Conversely, assume that ψ∗({α, β}) = {ψ∗α, ψ∗β} for all α, β ∈ Ω1Roc(M
′).
Then, for any α, β ∈ Ω1Roc(M
′) we have
ψ∗({α, β}) = ψ∗(ϕ′(Xα, Xβ, ·)) = ψ
∗(XβyXαyϕ
′) = ψ∗(Xβydα)
= ψ∗(dα(Xβ , ·)) = dα(Xβ , dψ·) = dα(dψ(dψ
−1Xβ), dψ·)
= (ψ∗dα)(dψ−1Xβ , ·) = (dψ
−1Xβ)y(ψ
∗dα)
and
{ψ∗α, ψ∗β} = ϕ(Xψ∗α, Xψ∗β , ·) = Xψ∗βyd(ψ
∗α) = Xψ∗βy(ψ
∗dα)
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which, by our hypothesis, yields that dψ−1Xβ = Xψ∗β for any β ∈ Ω1Roc(M
′).
Then for any α ∈ Ω1Roc(M
′), any vector fields Y, Z ∈ X (M) and p ∈M ,
(Xψ∗αyϕ)p(Yp, Zp) = d(ψ
∗α)p(Yp, Zp) = (ψ
∗dα)p(Yp, Zp)
= ψ∗p(Xαyϕ
′)p(Yp, Zp)
= ϕ′ψ(p)((Xα)ψ(p), dψpYp, dψpZp)
= ϕ′ψ(p)(dψp(dψ
−1
ψ(p)(Xα)ψ(p)), dψpYp, dψpZp)
= (ψ∗ϕ′)ψ(p)(dψ
−1
ψ(p)(Xα)ψ(p), Yp, Zp)
= (ψ∗ϕ′)ψ(p)((Xψ∗α)p, Yp, Zp)
Thus Xψ∗αyϕ = Xψ∗αyψ
∗ϕ′ which implies that ϕ = ψ∗ϕ′ as desired.

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